Spring 2026: Pseudodifferential Operators

HOMEWORK 6

Due: 2026-06-18

1. Recall the several symbol classes introduced in Section 3.1 of Taylor: For r > 0,
e p(r,§) € A"STy if
10Ep(C, ) ller S (€)™,
(020¢p(x, )] S (€)m o= ) >
o p(z,§) € ApSTy if

||a?p(’§)| Crts 5 <§>m_|a|+687 S Z Oa

e p(r,§) € 7S if
O7p(x,€) € 75, |8l <,
Ap(e.&) € 75" B = .
Check the inclusions
AiSTs C AST; C ST
and also show that the three symbol classes are distinct.

2. Show the following fact we used in lecture, (3.5.25) in Taylor: For r € R, p € (1, 00),
p(x,€) € 57y, and X7 = Wi P(R"),

P:X"— BMO.

Hint: We proved a part of the special case p = 2 while studying the Bahouri-Chemin-Danchin
text. For general p, use kernel estimates.

3. Show the base case of the second part of (3.5.25) in Taylor, also revisited in (3.6.30):
For p(x,&) € 59,07
P:L>*— BMO.

4. Write out the proof of the commutator estimate Proposition 3.6.B of Taylor (an outline
is provided in the text): Given p(z, &) € S7,, we have for o € [0, 1],

1P(fu) = fPullwes S I fllerlullwe-ra,
and for o > 1,
1P(fu) = fPullwer S I fller llullworo 4 (1 f lwer ([[ull e + | Pull ).

5. Recall the Weyl quantization,
r+y

(Pt Dyu)(a) = [ e (T ) o) v

1




Show that for p,q € 57,
PrQY - QU — §* € OPSI0),
where s(z, ) is given by the Poisson bracket,

5(377 f) = {p7 Q} = Za&p : axzq - amzp : afiQ-

=1



